A 2-coloring (G 1 , G 2 ) of a digraph is 2-primitive if there exist nonnegative integers h and k with h + k > 0 such that for each ordered pair (u, v) 
Introduction
Let G be a simple digraph, possibly with loops. The digraph G is primitive if there is a positive integer r such that for every ordered pair (u, v) of vertices of G, there is a walk from u to v of length r. The exponent of G, exp(G), is the minimum value of r. It is well-known [1] that G is primitive if and only if it is strongly connected and the greatest common divisor of its cycle lengths is 1. A k-coloring of G is a k-tuple of spanning subgraphs (G 1 , . . . , G k ) such that the subgraphs G 1 , . . . , G k partition the arcs of G into k (nonempty) subsets. The k-coloring (G 1 , . . . , G k ) is k-primitive if there is a k-tuple of positive integers (r 1 , r 2 , . . . , r k ) such that for every ordered pair (u, v) of vertices of G, there is a walk from u to v in G having exactly r i arcs in G i for each i. The exponent of (G 1 , . . . , G k ) is the minimum value of r 1 + r 2 + · · · + r k taken over all such r 1 , r 2 , . . . , r k , and is denoted by exp(G 1 , . . . , G k ).
Evidently the case k = 1 corresponds to the definition of primitivity given above. Further, it is clear that if there is a k-coloring (G 1 , . . . , G k ) of G that is k-primitive, then G itself must be a primitive digraph, and exp(G) exp(G 1 , . . . , G k ).
Several recent papers discuss the primitivity of colored digraphs [2] [3] [4] [5] [6] . In this paper, we consider 2-colorings of symmetric digraphs with loops, establish necessary and sufficient conditions for these to be 2-primitive, and determine an upper bound on their exponents. We characterize the 2-colored digraphs that attain the upper bound and determine the exponent set for the 2-primitive strongly connected, symmetric 2-colored digraphs of order n with loops.
Let G (2) = (G 1 , G 2 ) be a 2-coloring of a digraph G, and assume that the arcs in G 1 and G 2 are colored red and blue, respectively. Given a walk w in G (2) , let r(w), respectively, b(w), denote the number of red arcs, respectively, blue arcs of w. We call w a (r(w), b(w))-walk, and define the composition of w to be the vector (r(w), b(w)) or
r(w) b(w)
.
. . , γ l } be the set of cycles of G (2) . Set M to be the 2 × l matrix whose ith column is the composition of γ i . We call M the cycle matrix of G (2) . The content of M, denoted by content(M), is defined to be 0 if the rank of M is less than 2 and the greatest common divisor of the determinants of the 2 × 2 submatrices of M, otherwise.
Lemma 1.1 ([2]
). Let G be a strongly connected digraph, and G (2) be a 2-coloring of G. Then G (2) is 2-primitive if and only if content(M) = 1.
Conditions for 2-primitivity
Theorem 2.1. Let G be a strongly connected symmetric digraph with loops, and G (2) 
-primitive if and only if one of following holds:
(1) G (2) contains at least one red loop and one blue loop; (2) All loops of G (2) are red, and there is a cycle γ in G (2) such that b(γ ) is odd; (3) All loops of G (2) are blue, and there is a cycle γ in G (2) such that r(γ ) is odd.
Proof. If (1) holds, then 1 0 0 1 is a 2 × 2 submatrix of M, and thus content(M) = 1. If (2) holds and there is a two colored 2-cycle in G (2) , then 1 1 1 0 is a 2 × 2 submatrix of M, and thus content(M) = 1. If (2) holds and there is no two colored 2-cycle in G (2) , then
are 2 × 2 submatrices of M, for some r and b with b odd. So content(M) = 1. If (3) holds, we can show content(M) = 1 similarly to (2) . Thus the sufficiency is correct by Lemma 1.1.
To prove necessity, suppose that G (2) does not satisfy any of (1)- (3) . Then all loops of G (2) are of the same color, say red. Note that each cycle of length greater than one contains even blue arcs, so the determinant of each 2 × 2 submatrix of M are even. This contradicts Lemma 1.1.
Upper bounds on the exponent
In this section, we establish an upper bound on the exponents for 2-primitive, 2-colorings of strongly connected symmetric digraphs with loops. We use the following notation and terminology throughout the remainder of the paper.
Let D be a digraph, and let (i, j ) be any ordered pair of vertices of D. The distance from i to j is the length of the shortest path from i to j and is denoted by d(i, j ). Let w 1 , w 2 be two walks of D. The distance from w 1 to w 2 is the minimum of the lengths of the shortest paths from
Let w be a walk, and l(w) denote the length of w. If w contains a vertex of the cycle γ , then we say that w meets γ . For a symmetric digraph
Let G be a strongly connected symmetric digraph of order n, and G (2) = (G 1 , G 2 ) be a 2-coloring of G. Let G (2) be a spanning subgraph of G (2) . If G (2) is a strongly connected symmetric digraph, then G (2) is a connected symmetric spanning digraph of G (2) . If G (2) is a strongly connected symmetric digraph, and G (2) has no cycle with the length greater than 2, then we call G (2) a spanning tree of G (2) .
The following is clear and we omit the proof.
Lemma 3.1. Let G be a strongly connected symmetric digraph of order n, and G (2) 
is a connected symmetric spanning digraph of G (2) . If G (2) is 2-primitive, then so is G (2) , and exp(G (2) ) exp( G (2) ).
Lemma 3.2. Let G be a strongly connected symmetric digraph of order n with loops, and G (2) (2) contains at least one red loop and one blue loop, then
Proof. Let G (2) be a spanning tree of G (2) which includes all loops of G (2) . Since G (2) contains loops of both colors, G (2) is 2-primitive. Let G (2) have x red 2-cycles, y blue 2-cycles and z two colored 2-cycles. Then x + y + z = n − 1.
We prove that between each ordered pair (i, j ) of vertices there is a (2x + z, 2y + z)-walk in G (2) .
Let w be a shortest walk in G (2) from i to j meeting both a red loop and a blue loop. Then l(w) 2(n − 1), r(w) 2x + z and b(w) 2y + z. Note that
We see that there is a (2x
Lemma 3.3. Let G be a strongly connected symmetric digraph of order n with loops, and G (2) = (G 1 , G 2 ) a 2-coloring of G with the properties that there is a two colored 2-cycle in G (2) , and all loops of G (2) are red.
(1) If there is a blue 2-cycle in G (2) , then
(2) If there is no blue 2-cycle in G (2) , then
Proof. First consider the case that there is a blue 2-cycle in G (2) . Take G (2) to be a spanning tree of G (2) such that G (2) contains at least one blue 2-cycle, one two colored 2-cycle, and one loop of G (2) . Clearly, G (2) is 2-primitive. Let G (2) have x red 2-cycles, y blue 2-cycles and z two colored 2-cycles. Then y 1, z 1 and x + y + z = n − 1.
Let (i, j ) be any ordered pair of vertices, and w be a shortest walk in G (2) from i to j meeting a red loop, a two colored 2-cycle and a blue 2-cycle. It is clear that l(w) 2(n − 1), r(w) 2x + z and b(w) 2y + z. Note that if b(w) and 2y + z have the same parity, then
if b(w) and 2y + z have different parity, then b(w) 2y + z − 1, and
Next consider the case that G (2) has no blue 2-cycle. Take G (2) to be a spanning tree of G (2) such that G (2) contains at least one two colored 2-cycle, and one loop of G (2) . Clearly G (2) is 2-primitive. Let G (2) have x red 2-cycles, and z two colored 2-cycles. Then z 1 and x + z = n − 1.
Let (i, j ) be any ordered pair of vertices, and w be a shortest walk in G (2) from i to j meeting a loop, and a two colored 2-cycle. It is clear that l(w) 2(n − 1), r(w) 2x + z and b(w) z.
We see that there is a (2x + 2z, z)-walk in G (2) from i to j . So exp(G (2) ) exp( G (2) ) 2x + 3z 3n − 3.
Clearly, we can interchange the roles of red and blue in Lemma 3.3 and obtain an analogous result. (2) are red, and there is no two colored 2-cycle. If there is a cycle γ in G (2) 
Lemma 3.4. Let G be a strongly connected symmetric digraph of order n with loops, and let
Proof. Since that there is no two colored 2-cycle, each 2-cycle is single color. Thus, since there is a cycle γ in G (2) such that b(γ ) is odd, there is a blue 2-cycle, and so
is a 2 × 3 submatrix of the cycle matrix M of G (2) , where b(γ ) is odd. Take G (2) to be a connected symmetric spanning digraph of G (2) such that G (2) contains the cycle γ and all loops of G (2) , but does not contain other cycles with the length greater than 2. Clearly, G (2) has a blue 2-cycle, and is 2-primitive. Let G (2) have x red 2-cycles and y blue 2-cycles. Then y 1, and x + y = n.
We prove that between each ordered pair (i, j ) of vertices there is a (2x, 2y)-walk in G (2) . Let p ij be a shortest path in G (2) from i to j , and X be the set consisting of vertices meeting a red loop. Consider the following two cases in G (2) .
Case 1: p ij does not contain any arc of γ .
. Let p i 1 j 1 be the shortest path in G (2) from i 1 to j 1 as in Fig. 1 
Then w is a walk in G (2) from i to j meeting the cycle γ , a blue 2-cycle and a red loop. It is easy to see that r(w) 2x − r(γ ), and
If b(w) is even, we see that
and there is a (2x, 2y)-walk in G (2) and there is a (2x, 2y)-walk in G (2) from i to j . Case 2: p ij contains an arc of γ . There are two paths in G (2) from i to j . Let p ij be a path from i to j obtained from p ij by replacing the part of γ by another part of γ as in Fig. 2 .
Note that b(γ ) is odd and there is no two colored 2-cycle in G (2) . At least one of p ij and p ij meet a blue 2-cycle. Without loss of generality, let p ij meet a blue 2-cycle. There exist i 1 ∈ p ij and j 1 ∈ X, such that d (i 1 , j 1 ) = min x∈X d(p ij , x) . Let p i 1 j 1 be the shortest path in G (2) 
(γ ).
and there is a (2x, 2y)-walk in G (2) 
and there is a (2x, 2y)-walk in G (2) from i to j . Thus exp(G (2) ) exp( G (2) ) 2x + 2y = 2n.
Clearly, the analogous result to Lemma 3.4 holds by interchanging the roles of red and blue. In summary, we have derived the following upper bound on the exponents for 2-primitive 2-coloring of strongly connected symmetric digraphs with loops. Theorem 3.5. Let G be a strongly connected symmetric digraph of order n with loops, and G (2) 
and equality can be attained.
Proof. We only need to prove that there is a strongly connected symmetric digraph G of order n with loops and a 2-primitive, 2-coloring G (2) 
Let G be a symmetric digraph with the vertex set {1, 2, . . . , n} as in Fig. 3 , and let G (2) be a 2-coloring of G, where the arcs 1 → 2, 2 → 3, . . . , (n − 1) → n and the loop are red, and the arcs n → (n − 1), . . . , 3 → 2, 2 → 1 are blue.
Then the cycle matrix of G (2) is M = 1 1 0 1 . Fig. 3 . The symmetric digraph G. (2) ) 3n − 3. We now prove that exp(G (2) ) 3n − 3. (2) from i to j . By considering i = j = n, we see that there exist nonnegative integers u and v with h k = M u v .
By Theorem 2.1 and Lemma 3.3, G (2) is 2-primitive and exp(G

Suppose that (h, k) is a pair of nonnegative integers such that for all ordered pairs (i, j ) of vertices there is an (h, k)-walk in G
Next take i = 1 and j = n. Since the only path from i to j has composition (n − 1, 0), we have that
Finally take i = n and j = 1. Then the arcs of each walk from i to j can be decomposed into the arc from i to j and cycles. Hence,
has a nonnegative integer solution. Then
So v n − 1. Thus
Therefore exp(G (2) ) 3n − 3, and the theorem follows.
Extremal 2-coloring digraphs
The following theorem characterizes the extremal 2-coloring digraphs that attain the maximum exponent 3n − 3.
Theorem 4.1. Let G be a strongly connected symmetric digraph of order n with loops, and
G (2) = (G 1 , G 2 ) be a 2-primitive, 2-coloring of G. Then exp(G (2) ) = 3n − 3 if
and only if the following hold:
(1) G is isomorphic to a double directed path of order n with at least one loop; (2) G (2) is a 2-coloring of G such that all loops have same color, and each 2-cycle is a two colored 2-cycle; (3) G (2) has a red directed path of length n − 1 and a blue directed path of length n − 1.
Proof. The sufficiency part is easy to obtained by the similar proof method in Theorem 3.5. For the necessity part, we let exp(G (2) ) = 3n − 3. By Lemmas 3.2 and 3.3, all loops have same color, and each 2-cycle is a two colored 2-cycle. Without loss of generality, we assume that all loops are red, and X denotes the set consisting of vertices having a red loop.
We first prove that G is isomorphic to a double directed path of order n with at least one loop.
If not, then for any two vertices u and v, d(u, v) n − 2. Let G (2) be any 2-primitive, 2-coloring of G, (i, j ) be any ordered pair of vertices, and p ij be the shortest path from i to j . Clearly, r(p ij ) n − 2, and b(p ij ) n − 2.
If p ij meets a red loop, then note
to see that there is a (2n − 3, n − 1)-walk in G (2) from i to j . If p ij does not meet a red loop, then there exist i 1 ∈ V (p ij ) and (p ij , x) . Let p i 1 j 1 be the shortest path in G (2) from i 1 to j 1 . Denote w = p ij + p i 1 j 1 + p j 1 i 1 . Note that each 2-cycle is a two colored 2-cycle. It is easy to see that 1 r(w) n − 1 and
and there is a (2n − 3, n − 1)-walk in G (2) from i to j . Then exp(G (2) ) 3n − 4, a contradiction. So G is isomorphic to a double directed path of order n with at least one loop.
Let 1, n ∈ V (G) such that d(1, n) = n − 1, and P = 1 → 2 → · · · (n − 1) → n denote the directed path from 1 to n. Let G (2) be a 2-primitive, 2-coloring of G. Clearly, the cycle matrix of G (2) is
Suppose that P has x red arcs and y blue arcs. Then x + y = n − 1. Next we prove that G (2) has a red directed path of length n − 1, and a blue directed path of length n − 1. If not, then x > 0 and y > 0.
Let (i, j ) be any ordered pair of vertices, and p ij be the shortest path in G (2) 
If p ij meets a red loop, noticing that
then there is a (2n − 3, n − 1)-walk in G (2) from i to j . If p ij does not meet a red loop, then there exist i 1 ∈ V (p ij ) and (p ij , x) . Let p i 1 j 1 be the shortest path in G (2) from i 1 to j 1 . Denote w = p ij + p i 1 j 1 + p j 1 i 1 . Note that each 2-cycle is a two colored 2-cycle. It is easy to see that 1 r(w) n − 1 and 1 b(w) n − 1. Then
and there is a (2n − 3, n − 1)-walk in G (2) from i to j .
So exp(G (2) ) 3n − 4, a contradiction. Thus x = 0 or y = 0. It implies that G (2) has a red directed path of length n − 1, and a blue directed path of length n − 1.
This completes the proof.
Exponent set
In this section, we study the exponent set SE n , which is the set of exponents of all 2-primitive 2-coloring digraphs of strongly connected symmetric digraphs of order n with loops.
We first prove some useful lemmas. 
Proof. Let (i, j ) be any pair of vertices of G (2) . It is clear that there is a (2, 0)-walk in G (2) from i to j . But there is no (0, 1)-walk in G (2) from i to j , and there is no (1, 0)-walk in G (2) 
Lemma 5.2. Let G be a symmetric digraph of order n 3 with 1 m n − 1 as in Fig. 4 .
Suppose that G (2) is a 2-coloring of G, where the loop and the arcs
. . , (n − 1) → n are red, and other arcs are blue. Then G (2) is 2-primitive, and exp(G (2) ) = 3n − 3m.
Proof. The cycle matrix of G (2) is
First we prove that exp(G (2) ) 3n − 3m. Let (i, j ) be any ordered pair of vertices. Consider the following two cases.
Case 1: i = n or j = n. Let p ij be the shortest path from i to j . Then p ij meets the red loop and a two colored 2-cycle, r(p ij ) n − m and b(p ij ) n − m. It is easy to see that
and there is a (2n − 2m, n − m)-walk in G (2) from i to j . Case 2: i / = n and j / = n. Let p in and p nj be the shortest paths from i to n, and from n to j , respectively. Clearly, w = p in + p nj is a walk from i to j meeting the red loop and a two colored 2-cycle, r(w) n − m and b(w) n − m. It is easy to see that
and there is a (2n − 2m, n − m)-walk in G (2) from i to j . Then exp(G (2) ) 3n − 3m. Next, we prove that exp(G (2) ) 3n − 3m. Suppose that (h, k) is a pair of nonnegative integers such that for all ordered pairs (i, j ) of vertices there is an (h, k)-walk in G (2) from i to j . By considering i = j = n, we see that there exist nonnegative integers u and v with
Take i = m and j = n. Then the arcs of each walk from i to j can be decomposed into the arc from i to j and cycles. Since the only path from i to j has composition (n − m, 0), we have that
So u n − m. Take i = n and j = m. Then the arcs of each walk from i to j can be decomposed into the arc from i to j and cycles. Since the only path from i to j has composition (0, n − m), we have that
Therefore we have that exp(G (2) ) 3n − 3m. The lemma follows. Proof. Clearly, the cycle matrix of G (2) is M = 1 1 2 0 1 0 , and thus G (2) is 2-primitive. First we prove that exp(G (2) ) 2n − 3m + l. Let (i, j ) be any ordered pair of vertices, and w be the shortest walk from i to j meeting the loop and a two colored 2-cycle. It is clear that
We see that there is a (2n
Next, we prove that exp(G (2) ) 2n − 3m + l. Suppose that (h, k) is a pair of nonnegative integers such that for all ordered pairs (i, j ) of vertices there is an (h, k)-walk in G (2) from i to j .
Take i = l and j = m. Since the only path from i to j has composition (0, l − m), we have that k l − m. We consider the following two cases. 
Case 2: h + k and l − m have the same parity. Take i = m and j = l − 1. Let w be an (h, k)-walk in G (2) from i to j . Since d(i, j ) = l − m − 1 and h + k have different parity, we have that walk w can be decomposed into the walk
) and x two colored 2-cycles, y red 2-cycles and z loops. Note that r(w 1 
Therefore we have that exp(G (2) ) 2n − 3m + l. The lemma follows.
Lemma 5.4. Let G be a symmetric digraph of order n 4 with 1 m n − 3 as in Fig. 6 . Suppose that G (2) is a 2-coloring of G, where the loop is blue and all arcs are red. Then G (2) is 2-primitive, and exp(G (2) ) = 2n − 2m − 2.
Proof. Clearly, the cycle matrix of G (2) is M = 2 3 0 0 0 1 .
Then G (2) is 2-primitive. We first prove that exp(G (2) ) 2n − 2m − 2. Let (i, j ) be any ordered pair of vertices. Consider the following two cases.
Case 1: {i, j } ∩ {n − 2, n − 1, n} / = φ. Let p ij be the shortest path from i to j . Then p ij meets a red 2-cycle and a red 3-cycle, r(p ij ) n − m − 1 and b(p ij ) = 0. It is not difficult to verify that there is a (2n − 2m − 2, 0)-walk in G (2) from i to j .
Case 2: {i, j } ∩ {n − 2, n − 1, n} = φ. Let p i,n−2 and p n−2,j be the shortest paths from i to n − 2, and from n − 2 to j , respectively. Clearly, w = p in + p nj is a walk meeting a red 2-cycle and a red 3-cycle, r(w) 2(n − m − 2) and b(p ij ) = 0. It is not difficult to verify that there is a (2n − 2m − 2, 0)-walk in G (2) from i to j .
Then exp(G (2) ) 2n − 2m − 2. Next, noticing that the length of the shortest odd walk from 1 to 1 is 2n − 2m − 1, and that the length of the shortest even walk from m to m + 1 is 2n − 2m − 2, we have that exp(G (2) ) 2n − 2m − 2.
Therefore exp(G (2) ) = 2n − 2m − 2. The lemma follows.
Lemma 5.5. Let G be a symmetric digraph of order n 3 as in Fig. 7 . Suppose that G (2) is a 2-coloring of G, where the loop in the vertex 1 is blue, the loop in the vertex n is red, the arcs 1 → 2, 2 → 3, . . . , (n − 1) → n are red, and other arcs are blue. Then G (2) is 2-primitive, and exp(G (2) ) = 2n − 2.
Proof. The cycle matrix of G (2) is M = 1 1 0 1 0 1 , and thus G (2) is 2-primitive. By Lemma 3.2, exp(G (2) ) 2n − 2. We now only to prove that exp(G (2) ) 2n − 2.
Suppose that (h, k) is a pair of nonnegative integers such that for all ordered pairs (i, j ) of vertices there is an (h, k)-walk in G (2) from i to j . By considering i = 1 and j = n, since the only path from i to j has composition (n − 1, 0), we have that h n − 1. Take i = n and j = 1. Since the only path from i to j has composition (0, n − 1), we have that k n − 1. Then h + k 2n − 2, and exp(G (2) ) 2n − 2.
The lemma follows. Fig. 7 . The symmetric digraph G.
